We study a number of different ingredients, related to long range order observed in lattice QCD simulations, using a simple "deformed QCD" model. This model is a weakly coupled gauge theory, which however has all the relevant crucial elements allowing us to study difficult and nontrivial problems which are known to be present in real strongly coupled QCD. In the present study, we want to understand the physics of long range order in form of coherent low dimensional vacuum configurations observed in Monte Carlo lattice simulations. We demonstrate the presence of double-layer domain wall structures in the deformed QCD, and study their interaction with localized topological monopoles. Furthermore, we show that there is in fact an attractive interaction between the two, such that the monopole favors a position within the domain wall.
I. INTRODUCTION AND MOTIVATION
The main motivation for this work is the recent Monte Carlo studies of pure glue gauge theory which have revealed some very unusual features. To be more specific, the gauge configurations display a laminar structure in the vacuum consisting of extended, thin, coherent, locally low-dimensional sheets of topological charge embedded in 4d space, with opposite sign sheets interleaved, see original QCD lattice results [1] [2] [3] [4] . A similar structure has been also observed in QCD by different groups [5] [6] [7] [8] [9] and also in two dimensional CP N −1 model [10] . Furthermore, the studies of localization properties of Dirac eigenmodes have also shown evidence for the delocalization of lowlying modes on effectively low-dimensional surfaces. The following is a list of the key properties of these gauge configurations which we wish to study:
1) The tension of the "low dimensional objects" vanishes below the critical temperature and these objects percolate through the vacuum, forming a kind of a vacuum condensate;
2) These "objects" do not percolate through the whole 4d volume, but rather, lie on low dimensional surfaces 1 ≤ d < 4 which organize a coherent double layer structure;
3) The total area of the surfaces is dominated by a single percolating cluster of "low dimensional object";
4) The contribution of the percolating objects to the topological susceptibility has the same sign compared to its total value;
5) The width of the percolating objects apparently vanishes in the continuum limit;
6) The density of well localized 4d objects (such as small size instantons) apparently vanishes in the continuum limit.
It is very difficult to understand the above properties using conventional quantum field theory analysis. Indeed, the QCD lattice results [1] [2] [3] [4] [5] [6] [7] [8] imply that the topological density distribution is not localized in any finite size configurations such as instantons; rather the topological density is spread out on the surface of lowdimensional sheets. Such a structure can not be immediately seen in gluodynamics, at least not at the semiclassical level. At the same time, these Monte Carlo results could be interpreted very nicely with a conjecture that the observed structure is identified with the extended D2 branes in holographic description [11] [12] [13] [14] .
One of the key elements of this conjecture is assumption that the tension of the D2 branes vanishes below the QCD phase transition T < T c such that an arbitrary large number of these objects can be formed. Vanishing tension in the dual description in the confined phase is a result of the Hawking-Page phase transition [15] when the D2 brane shrinks to the tip of a cigar type geometry.
The second key element in identification of the structure observed on the lattice [1] [2] [3] [4] [5] [6] [7] [8] with the holographic description in terms of the D branes is the assumption that the topological density distribution which is originally localized in well defined D0 branes (instantons), somehow spreads out along extended D2 branes as a result of strong interaction between D0-D2 branes, leading to their binding. Such a picture was basically motivated, as mentioned in [12] [13] [14] , by the structure which emerges in supersymmetric field theories [16] where the relevant dynamics can be indeed formulated in terms of the strongly bound D0-D2 configurations.
In this paper, we investigate precisely the second idea above in the framework of a "deformed QCD" developed in [17] . The deformation allows us to bring the gauge theory into a weakly coupled regime wherein calculations can be performed in theoretically controllable manner. In spite of the great deal of analytic control provided, the deformed theory preserves many of the relevant structures present in strongly coupled QCD including confinement, degeneracy of topological sectors, and the correct nontrivial θ dependence. Furthermore, it seems, there is no order parameter differentiating the weakly coupled deformed regime from the strongly coupled regime, which reproduces undeformed QCD [17] , so that the (gross) behaviour of the two theories may be quite similar.
In particular, the deformed theory exhibits two important structures of note: first, the topological charge in this model is carried by the fractionally charged monopoles with topological charges Q = ±1/N ; and second, there are domain walls present in the system as a result of a generic 2π periodicity of the effective low en-ergy Lagrangian governing the dynamics. Given these ingredients, we would like to test the following two ideas which are apparently related to the configurations observed in the lattice simulations [1] [2] [3] [4] [5] [6] [7] [8] :
1) the domain walls form precisely a double layer structure with opposite sign sheets of the topological charge density interleaved;
2) the monopoles and domain walls attract each other and the topological charge originally localized on monopoles spreads out along the domain walls.
If the second occurs, there will be few well-localized finite sized sources carrying the topological charge. Instead, the topological charge density will be spread over extended domain walls, which is precisely what has been observed in simulations [1] [2] [3] [4] [5] [6] [7] [8] .
We note that a similar picture of attraction between monopoles and domain walls was originally discussed in a cosmological context [18] , see also the related papers [19] [20] [21] and references therein. The basic idea in [18] is that if physical monopoles and domain walls are present in the system, there will be an attractive force between them. Then, if these objects collide, the monopole's winding number (monopole charge) spreads out on the surface of the domain wall, and will be eventually pushed to the boundaries at infinity. This effect was suggested as a solution of the so-called "cosmological monopole's problem". In our context we do not have real physical monopoles and real physical domain walls in Minkowski space, but rather Euclidean monopoles and domain walls which must be interpreted as configurations describing the tunnelling processes in physical Minkowski space, see detail discussions of this point in [13] . Nevertheless, the formal structure of the problem and relevant features (such as attraction between the objects and spreading the magnetic charge over the surface) are very much the same.
We also note that "deformed QCD" model has been successfully used to test some other nontrivial features of strongly coupled QCD such as emergence of nondispersive contact term in the topological susceptibility [22] and the emergence of a topological Casimir behaviour in gauge theory with a gap [23] . In both cases the effects of interest are a result of the nontrivial topological vacuum structure of this model.
The structure of our presentation is as follows. In next section (II), we review the relevant parts of the model [17, 22] including the low energy description of the theory in terms of the sine-Gordon Lagrangian. In the following section (III), we construct the domain walls and explicitly demonstrate the double layer structure apparently observed on the lattices. Finally, in Section IV we study the interaction of the domain walls and monopoles.
II. DEFORMED QCD
In the "deformed" Yang-Mills, developed in [17] , an extra "center-stabilization" term is put into the the Lagrangian in order to prevent the center symmetry breaking that characterizes the QCD phase transition between "confined" hadronic matter and "deconfined" quarkgluon plasma. Thus we have a theory which remains confined at high temperature in a weak coupling regime, and for which it is claimed [17] that there does not exist an order parameter to differentiate the low temperature (non-abelian) confined regime from the high temperature (abelian) confined regime. We now proceed, in section II A, to review the relevant aspects of the theory. We then discuss, in section II B, the low-energy effective Lagrangian which gives rise to the domain wall solutions mentioned earlier.
A. Formulation of the theory
We start with pure SU (N ) Yang-Mills (gluodynamics) Wick rotated with Euclidean time compactified on the manifold R 3 × S 1 defined by the standard action
We then add to it a deformation action,
built out of the Wilson loop (Polyakov loop) wrapping the compact dimension,
where L is the length of the compact time dimension. The "double-trace" deformation potential P [Ω] respects the symmetries of the original theory and is built to stabilize the phase with unbroken center symmetry. It is defined by
Here N/2 denotes the integer part of N/2 and {a n } is a set of suitably large positive coefficients. In the undeformed theory the effective potential for the Wilson loop is minimized for Ω an element of Z N . The deformation potential (4) with sufficiently large {a n } however changes the effective potential for the Wilson line so that it is minimized instead by configurations in which tr [Ω n ] = 0, which in turn implies that the eigenvalues of Ω are uniformly distributed around the unit circle. Thus, the set of eigenvalues is invariant under the Z N transformations, which multiply each eigenvalue by e 2πik/N (rotate the unit circle by k/N ). The center symmetry is then unbroken by construction. The coefficients, {a n }, can be suitably chosen such that the deformation potential, P [Ω], forces unbroken symmetry at any compactification scale [17] , but for our purposes we are only interested in small compactifications (L Λ −1 where L is again the length of the compactified dimension and Λ is the QCD scale). At small compactification, the gauge coupling at the compactification scale is small so that the semiclassical computations are under complete theoretical control [17] .
B. Infrared description
As discussed in [17] , the proper infrared description (at distances larger than the compactification scale) of the theory is a dilute gas of N types of monopoles, characterized by their magnetic charges, which are proportional to the simple roots and affine root of the Lie algebra for the gauge group U (1)
N . The extended root system is given by the simple roots,
and the affine root,
We denote this root system by ∆ aff and note that the roots obey the inner product relation
For a fundamental monopole with magnetic charge α a ∈ ∆ aff , the topological charge is given by
and the Yang-Mills action is given by
The second equivalence hold because the classical monopole solutions are self dual, F µν = ±F µν . The θ-parameter in the Yang-Mills action can be included in conventional way,
withF µν ≡ µνρσ F ρσ . The system of interacting monopoles, including θ parameter, can be represented in the dual sine-Gordon form as follows [17, 22] ,
where ζ is magnetic monopole fugacity which can be explicitly computed in this model using the conventional semiclassical approximation. The θ parameter enters the effective Lagrangian (10) as θ/N which is the direct consequence of the fractional topological charges of the monopoles (7). Nevertheless, the theory is still 2π periodic, but not because of an explicit 2π periodicity of Lagrangian (10) . Rather, it is restored as a result of summation over all branches of the theory when the levels cross at θ = π (mod 2π) and one branch replaces another and becomes the lowest energy state as discussed in [22] .
In the following sections we shall need an explicit expression for the topological density and magnetic field in terms of scalar σ field,
where the U (1)
is expressed in terms of scalar magnetic potential as follows
In the last step of (11) we have replaced the field in the compact direction by it's vacuum expectation value since we are considering a semiclassical approximation. The expression for the magnetic field in terms of scalar magnetic potential should not be surprising as our system is in fact magnetostatic and a description in terms of σ
is quite appropriate to study the relevant dynamics. The explicit form for the creation operator for a monopole of type a at x is given by [22] 
and for an antimonopole bȳ
The expectation values of these operators M a (x) in fact determine the ground state of the theory. Formula (13) shows again that σ(x) can be interpreted as a magnetic scalar potential. Finally, the dimensional parameter which governs the dynamics of the problem is defined as
This parameter can be interpreted as Debye correlation length of the monopole's gas. The average number of monopoles in a "Debye volume" is given by
The above inequality holds since the monopole fugacity is exponentially suppressed, ζ ∼ e −1/g
III. DOMAIN WALLS IN DEFORMED QCD
There is a discrete set of degenerate vacuum states as a result of the 2π periodicity of the effective Lagrangian (10) for the σ field, and thus there exist domain wall configurations interpolating between these states. The corresponding configurations are not however conventional domain walls similar to the well known ferromagnetic domain walls in condensed matter physics which interpolate between physically distinct vacuum states. Here, instead, the corresponding configuration interpolates between topologically different but physically equivalent winding states |n , which are connected to each other by large gauge transformation operator. Therefore, the corresponding domain wall configurations in Euclidean space are interpreted as configurations describing tunnelling processes in Minkowski space, similar to Euclidean monopoles which also interpolate between topologically different, but physically identical states.
In fact, a similar domain wall which has an analogous interpretation is known to exist in QCD at large temperature in weak coupling regime where it can be described in terms of classical equation of motion. These are socalled Z N domain walls which separate domains characterized by a different value for the Polyakov loop at high temperature. As is known, see the review papers [27, 28] and references therein, these Z N domain walls interpolate between topologically different but physically identical states connected by large gauge transformations similar to our case. These objects can be described in terms of classical equation of motion and have finite tension ∼ T 3 such that their contribution to path integral is strongly suppressed. While the corresponding topological sectors are still present in the system at low temperature (though they are realized in a different way) it is not known how to describe the fate of Z N walls withcan become bound to the domain wallin QFT in the strong coupling regime wherein the semiclassical approximation breaks down.
The domain walls to be discussed below in deformed QCD are very much the same as Z N domain walls at high temperature and their contribution to path integral is also strongly suppressed as their tension is finite in weak coupling regime. Nevertheless, one can study the structure of these domain walls, as well as their interaction with dynamical magnetic monopoles. We conjecture that the domain walls we describe below in the weak coupling regime in deformed QCD slowly become the objects (with effectively vanishing tension) which are observed in lattice simulations [1] [2] [3] [4] [5] [6] [7] [8] in the strong coupling regime, as we adiabatically increase the coupling constant without hitting the phase transition as argued in [17] . This portion of the theory can not be tested in our deformed QCD model in the semiclassical approximation, but hopefully this portion of strongly coupled dynamics can be understood in the future using different techniques, such as the dual holographic description as advocated in the present context in [13, 14] .
A. Domain wall solution
There are many different types of domain walls supported by the system (10) which have very different physical meaning. In this paper we focus on the discrete symmetry of the effective Lagrangian (10) given by the 2π shift, σ a → σ a + 2π, where any component of σ field can be shifted by 2π independently. There are N different domain wall types similar to monopole case since classification of our system is based on α i ∈ ∆ aff . We emphasize that there are only (N − 1) physical propagating photons in the system as one scalar singlet field, though it remains massless, completely decouples from the system, and does not interact with other components at all [17] . As a result of this structure, a configuration with N different types of magnetic monopoles will carry zero magnetic charge and one unit of the topological charge Q = 1 as each monopole carries Q = 1/N topological charge. The corresponding configuration can be identified with a conventional instanton with Q = 1 which is made of N constituents. A similar comment also applies to DW structure: a configuration with N different types of DWs on top of each other will produce a trivial vacuum configuration as the (N − 1) abelian components of the magnetic field will cancel each other, similar to magnetic monopole construction. Thus, although there are N different types of the DWs in our construction, only (N − 1) of them are independent.
In what follows, without loss of generality, we consider the N = 2 case. In this case there is only one physical field χ = (σ 1 − σ 2 ) which corresponds to a single diagonal component from the original SU (2) gauge group. The orthogonal combination (σ 1 + σ 2 ) decouples from the system as explained in then original paper [17] . The action (10) becomes,
In terms of χ field, the classical equation of motion which follows from (17) and which determines the profile of the domain wall has the form,
where we take θ = 0 for simplicity, and the mass of χ field m χ = 2m σ is related to the Debye correlation length (15) . The solution of this sine-Gordon equation which interpolates between χ(z = −∞) = 0 and χ(z = +∞) = 2π, and which is centered at z 0 = 0 being independent of x, y coordinates is well known
As we mentioned before, the domain wall (19) does not describe a physical domain wall (DW) which interpolates between physically distinct vacuum states, but rather interpolates between topologically different but physically identical states. We remark that a similar construction has been considered previously in relation with the socalled N = 1 axion model [29, 30] , more recently in the QCD context in [31] , and in high density QCD in [32] .
In the previously considered cases [29] [30] [31] [32] as well as in present case (19) there is a single physical unique vacuum state, and interpolation (19) corresponds to the transition from one to the same physical state. Therefore, such domain walls are not stable objects, but will decay quantum mechanically, see Appendix A for corresponding estimates. Nevertheless, if life time of configuration (19) is sufficiently large, it can be treated as stable classical background, and it can be used to study the interaction of domain walls with monopoles, which is one of the main objectives of present work, see Figure 1 with more explanations. Finally, one should also comment that, formally, a similar soliton-like solution which follows from the action (17) appears in the computation of the string tension in Polyakov's 3d model [17, 33] . The solution considered there emerges as a result of the insertion of external sources in a course of computation of the vacuum expectation of the Wilson loop. In contrast, in our case, the solution (19) is an internal part of the system without any external sources. Furthermore, the physical meaning of these solutions are fundamentally different. In our case the interpretation of the solution (19) is similar to an instanton describing the tunnelling processes in Minkowski space, while in the computations [17, 33] it was an auxiliary object which appears in the course of computation of the string tension.
The width of the domain wall is determined by m −1 χ , while the domain wall tension σ for profile (19) can be computed and it is given by
With explicit solution at hand (19) , the magnetic field (12) distribution inside the domain wall is given by
The topological charge density distribution can then be computed using formula (11) with the following result
(e mχz + e −mχz ) 2 .
From equation (22), we see that the net topological charge Q ∼ ∞ −∞ dzq(z) on the domain wall vanishes. However, the charge density has an interesting distribution; it is organized in a double layer structure, which is precisely what apparently has been measured in the lattice simulations [1] [2] [3] [4] . For a graphical depiction see Figure 2 . The same double layer structure can be seen by computing the magnetic charge density ρ M which is defined as
Thus, the relation between the topological charge density (22) and magnetic charge density (23) holds for the domain wall
in full agreement with the general expression (11) . From eqs. (22), (23), we see that an average density of magnetic monopoles filling the interior of domain wall is expressed in terms of the same parameter ζ which characterizes the average monopole's density in the system (10) . One can interpret this relation as a hint that the topological charge sources have a tendency to reside in vicinity of the domain walls rather than being uniformly distributed. We further elaborate on this matter in section IV.
It is interesting to note that the domain walls in deformed QCD model are very similar (algebraically) to the well known domain wall studied previously in some SUSY models, see e.g. review [34] . Of course, there are fundamental differences between the two: in SUSY models the domain walls interpolate between physically distinct vacuum states, in huge contrast with our domain walls which correspond to interpolation between topologically different but physically identical states. Therefore, the interpretation in these two cases is fundamentally different: in SUSY models the domain walls are real physical objects, while in our deformed QCD model they should be interpreted similar to instantons, objects which describe the tunnelling processes, see [13] with more comments on this interpretation. Furthermore, the classification of the domain walls in SUSY models is based on flavour group symmetry breaking SU (N F ) → U (1) N F −1 , in contrast with colour symmetry breaking in deformed QCD. However, the formal classification of the domain walls in SUSY models based on simple roots from flavour group is very much the same as classification in our case based on SU (N ) → U (1) N −1 breaking pattern, see (5), (6) . These similarities include, in particular, highly nontrivial properties such as ordering of the domain walls or their passing through each other. However, these questions will not be elaborated on in the present work.
The most important lesson from this analysis is that the double layer structure naturally emerges in the construction of the domain walls in the weak coupling regime in deformed QCD. As claimed in [17] the transition from high temperature weak coupling regime to low temperature strong coupling regime should be smooth without any phase transitions on the way. Therefore, it would be tempting to identify the double layer structure found in this work (22) with the double layer structure from lattice measurements [1] [2] [3] [4] when one slowly moves along a smooth path from the weak coupling to the strong coupling regime.
IV. DW-MONOPOLE INTERACTION
We now consider the domain wall configurations discussed in the previous section interacting with monopole configurations. In these computations the domain walls are treated as classical background fields, and as such we do not consider fundamentally quantum questions, such as the density of domain walls. Instead, we consider some questions which can be answered in the semiclassical context. We focus on the interaction between a monopole and domain wall, each acting as magnetic sources, and compute the energy of the configuration as a function of separation distance between the two. Therefore, the question we are addressing is where would a point charge prefer to sit in the presence of our domain wall? This question is actually motivated by lattice simulations [1] [2] [3] [4] which suggest that the density of well localized 4d objects (such as small size 4d instantons) apparently vanishes, see item 6) from Introduction. We should emphasize that our domain walls are not empty objects as they are already filled by magnetic monopoles with density determined by (22) .
Again, we consider the simplified scenario of SU (2), which corresponds to considering the interaction between a single type of domain wall, a, and a monopole of the same type, or to be more precise an antimonopole so that the magnetic charge is −α a . The domain wall is defined as previously, (19) , but centered at a distance z 0 from the origin, so that the magnetic scalar potential is given by (letting m = m χ ) χ z0 (x) = 4 arctan e m(z−z0) .
The monopole is defined such that it is a point source solution to the Klein-Gordon equation,
centered at the origin ( x 0 = 0), and is thus an approximate solution to the sine-Gordon, (18) , away from the origin. The magnetic potential of the monopole is then given by the well known Yukawa potential,
We then consider the configuration of monopole and domain wall separated by a distance z 0 and would like to compute the magnetostatic energy (Euclidean action) as a function of z 0 . The energy associated with just a domain wall alone is proportional to the area of the domain wall, which is infinite in this case, so we compute instead the difference between the energy of the two together and the energy of the two independently,
where S is given by (axes have been rescaled relative to (17))
The quantity ∆E defines a "binding energy" and is finite. We cannot however compute it analytically, and so we compute above integrals numerically instead, for z 0 varying near the domain wall. Some technical details of the computation are as follows. We work in a cylindrical volume oriented across the domain wall such that it respects the symmetries of the physical geometry. The cylinder is defined around the origin with radius 10/m and length 30/m, so that we neglect the space outside of this region. It is valid to do so since the monopole potential is exponentially suppressed with length constant m and we are considering a bining energy. We were forced to remove a small volume around the origin when computing the potential energy term because the structure is that of the cosine of a divergent quantity, which is highly oscillatory. The potential energy due to the removed piece is bounded by the volume removed since it is a cosine so that we can make it arbitrarily small. These two approximations make up the bulk of the numerical uncertainty, which is ∼ m 2 /10 6 .
Performing the numerical integration results in the plot given in Figure 3 . There is an attractive potential between the monopole and domain wall with the monopole on one side (z 0 < 0), and a slightly repulsive one for the other side (z 0 > 0). The small barrier for z 0 > 0 is difficult to see in Figure 3 but obvious in Figure 5 which is just a plot of only points beyond z 0 > 3 with a much finer vertical scale. Also, there is a minimum at z 0 ∼ 1/10m (see Figure 4) , while the peak of the domain wall charge distribution is ∼ 1/m. Thus the monopole would prefer to sit "inside" the domain wall, between the center and the peak of the sheet with the same charge density. It is interesting that the monopole (with charge −α) is attracted to the domain wall sheet with the same charge (−α) rather than the sheet of opposing charge (α), but the theory is non-linear so it is not altogether unexpected. Figure 3 is not the complete story since we have not considered possible changes in the magnetic flux distribution coming from the monopole. Basically, the monopole shape could deform in response to the interaction with the domain wall, so as to become less spherically symmetric. In order to properly treat this problem, we should allow the spherical distribution of the monopole to vary to some superposition of solutions to the Klein-Gordon equation (26) . This described further calculation is beyond the scope of this work, but we conjecture that the magnetic field will prefer to orient itself along the domain wall, so that the magnetic flux will be pushed out to the edge of the domain wall at the boundary of space, similar to arguments presented in refs. [19] [20] [21] in cosmological context. In this way, we have a picture in which any point-like magnetic monopoles become bound to extended domain walls with any magnetic flux being pushed along the domain walls to infinity. Apparently, this is precisely the picture discovered in lattice simulations [1] [2] [3] [4] wherein very few localized 4d objects are observed in the system, see item 6) in the Introduction.
As a preliminary toward calculating the angular de- pendence if we allow the angular distribution to vary, we write a more general expression for a monopole-like solution to the Klein-Gordon equation (26), which depends on the angular coordinates:
where H (1) n are the spherical Hankel functions of the first kind and the Y m n are the spherical harmonics. Assuming the azimuthal axis is oriented across the domain wall, the problem is azimuthally symmetric and the spherical harmonics reduce to Legendre polynomials of cos(θ).
When we attempt to calculate the binding energy as defined above for ϕ n it is negative and divergent for n ≥ 2. It thus appears that the system is very sensitive to angular changes. Furthermore, the divergence in ∆E seems to come from the core (near the divergence in ϕ) since it is highly sensitive to the amount of the core we remove when performing the numerical calculations. This however is also the region in which this approximation by Klein-Gordon monopoles is not really justified, and in fact the whole low-energy effective theory is suspect. We therefore conclude that some other more sophisticated techniques will be required to address this problem of angular distribution, and as such it is well beyond the scope of this work. Nevertheless, we do conjecture that the flux will have a tendency to spread along domain wall, but unfortunately cannot make a more quantitative claim at this point.
V. CONCLUSION, SPECULATIONS, AND FUTURE DIRECTIONS
There are two important results of this work. Firstly, a double layer structure similar to that which is observed in lattice simulations [1] [2] [3] [4] naturally emerges in the construction of the domain walls in weak coupling regime in deformed QCD. Secondly, monopole configurations characterized by well localized topological (and magnetic) charge interact with domain walls in such a way that there is an attraction between the two, and the monopole favors a position inside the domain wall. We introduced these domain walls as external background fields, while they are expected to be dynamical configurations with effectively vanishing tension in strong coupling regime as holographic picture suggests. We further observe the tendency that the magnetic field due a monopole in the presence of a domain will tend to align with the domain wall, such that the flux is pushed to the boundary of the domain wall. If this effect persists in strongly coupled regime, it could be an explanation for the observation in lattice simulations [1] [2] [3] [4] that there are no well localized objects with finite size which would carry the topological charge.
In weak coupling the domain wall solution is a nicely behaved smooth function, but what happens when we transition slowly to the strong coupling regime? The holographic picture suggests that the effective domain wall tension vanishes and so they can be formed easily in vacuum. It is possible that the domain walls become "clumpy" with a large number of folders. Such fluctuations would then increase the entropy of the domain wall, which eventually could overcome the intrinsic tension. If this happens, the domain walls would look like very crumpled and wrinkled objects with large number of foldings, and as such, the domain walls may loose their natural dimensionality, and become characterized by a Hausdorff dimension as recent lattice simulations suggest [9] . Nevertheless, the topological charge distribution on larger scales after averaging over a large number of these foldings should be sufficiently smooth so that the double layer structure would not disappear because the transition from weak to strong coupling regime should be sufficiently smooth as argued in [17] . Therefore, we identify the double layer structure found in this work (22) with the double layer structure from the lattice measurements [1] [2] [3] [4] . These particularities of the transition from weak to strong coupling are also interesting future questions, which will likely require an analysis beyond the semiclassical level.
Apparently, the presence of such domain walls is a specific manifestation of the topological order characterizing this system as argued in [35] . It could be different manifestations of this long range order such as the physical degeneracy of the ground state if the Euclidean space R 3 in eq. (10) is additionally compactified on a large torus, i.e. R 3 → T 2 × R 1 as argued in [35] in close analogy with topologically ordered condensed matter systems. It should be contrasted with behaviour of a conventional gapped theory when any variations of the boundary conditions at arbitrary large distances can not so drastically change the system.
As a final remark, it is interesting to note that this kind of long range structure is apparently required to interpret an observed local violation of P parity in heavy ion collisions in terms of large P odd domains with θ ind = 0 as argued in [36] . The corresponding P odd domains can be identified with interpolating long range η field which traces a pure glue configuration (22) studied in the present work. Furthermore, this long range structure, if it persists at strong coupling regime, would justify a key assumption made in [37] devoted to local P violation in heavy ion collisions. Only if θ ind = 0 is correlated on large scales is the effective Lagrangian approach of [37] justified. The deformed QCD model studied in this work explicitly shows how this long range structure could in principle emerge.
which replace more familiar expressions for the critical radius R c = 2α σ and classical action S 0 (R 4 ) = 16πα 3 3σ 2 from [31, 32] .
Therefore, the semiclassical probability of this process is proportional to
where σ is the DW tension determined by (20) , while α is the tension of the vortex line in the limit when the interaction term ∼ ζ due to the monopole's interaction in low energy description (10) is neglected and U (1) symmetry is restored. In this case the vortex line is a global string with logarithmically divergent tension
where
χ is a long-distance cutoff which is determined by the width of the domain wall, while R core ∼ L when low energy description breaks down. The vortex tension is dominated by the region outside the core, so our estimates for computing α to the logarithmic accuracy are justified. Furthermore, the critical radius can be estimated as
which shows that the nucleating hole ∼ R c is marginally greater than the wall thickness ∼ m −1 χ as logarithmic factor ln( 1 mχL ) ∼ ln N 1 where N 1 is large parameter of the model, see (16) . Therefore, our thin-string and thin-wall approximation is marginally justified.
As a result of our estimates (A4), (20) , (A5) the final expression for the decay rate of the domain wall is proportional to
with γ being some numerical coefficient. The estimate (A7) supports our claim that in deformed QCD model when weak coupling regime is enforced and N 1 the domain walls are stable objects and our treatment of the domain walls as stable objects is justified.
